Abstract. We classify homogeneous Einstein metrics on compact irreducible symmetric spaces. In particular, we consider symmetric spaces with rank(M) > 1, not isometric to a compact Lie group. Whenever there exists a closed proper subgroup G of Isom(M) acting transitively on M we nd all G-homogeneous (non-symmetric) Einstein metrics on M.
Introduction
In this paper we look at compact symmetric spaces presented homogeneously, i.e. as M = G=H, where G = Isom 0 (M) is simple, and we consider the cases where there exists a closed subgroup G 0 G which acts transitively on M. Denote by H 0 the isotropy subgroup in G 0 , then M = G 0 =H 0 . Since G 0 is smaller than G, we expect more G 0 -invariant metrics on M than G-invariant metrics, and thus we can hope for non-symmetric G 0 -invariant Einstein metrics on our symmetric space M. We nd the following. Lemma 1.1. Let M be a compact irreducible symmetric space of rank > 1, M not isometric to a compact Lie group with biinvariant metric. Let G = Isom 0 (M) , and M = G=H. Then there exists a subgroup G 0 G acting transitively on M , 1. G = SO(2n); H = U(n); G 0 = SO(2n ? 1); H 0 = U(n ? 1) (n 4); 2. G = SU(2n); H = Sp(n); G 0 = SU(2n ? 1); H 0 = Sp(n ? 1) (n 3); 3. G = SO(7); H = SO(2) SO(5); G 0 = G 2 ; H 0 = U(2) (U(2) SU(3)); 4. G = SO(8); H = SO(3) SO(5); G 0 = Spin(7); H 0 = SO(4) (SO(4) G 2 ):
Just as a left-invariant metric on a Lie group is determined by any inner product on its Lie algebra, a G-invariant metric on G=H is determined by an inner product on g=h = T H] (G=H), with the additional requirement that the inner product be Ad(H)-invariant.
We identify the quotient g=h with an Ad (H) A homogeneous space M = G=H is said to be isotropy irreducible if the isotropy action, denoted : H ! GL(T p M), or equivalently Ad : H ! GL(p), is an irreducible representation of H. When this is the case, the G-invariant metric on G=H is unique, up to scaling, and it is Einstein. When G=H is a symmetric space with G simple and G = Isom 0 (G=H), then G=H is an irreducible symmetric space. (In fact, the only irreducible symmetric space with G not simple is (K K)= K, for K a compact simple Lie group, and (K K)= K is isometric to K with a biinvariant metric.)
In 1962 A.L. Oni s cik classi ed all simple compact Lie algebras g with subalgebras g 0 and g 00 , such that g = g 0 +g 00 : In terms of transitive group actions, let G be the simply connected compact Lie group corresponding to g and let G 0 ; G 00 be subgroups corresponding to g 0 ; g 00 , respectively, then G=G 0 = G 00 =(G 0 \ G 00 ) and G=G 00 = G 0 =(G 0 \ G 00 ). When G=G 0 or G=G 00 is a symmetric space, Oni s cik's list tells us when a subgroup of G still acts transitively.
Here are the symmetric spaces on his list O1]: (See the appendix of this paper for the non-symmetric homogeneous spaces on his list.) SO(2n)= SO(2n ? 1) = U(n)= U(n ? 1) = S 2n?1 SO(2n)= SO(2n ? 1) = SU(n)= SU(n ? 1) = S 2n?1 SO(4n)= SO(4n ? 1) = Sp(n)= Sp(n ? 1) = S 4n?1 SO(4n)= SO(4n ? 1) = Sp(n) U(1)= Sp(n ? Each of these symmetric spaces in the left-hand presentation is an irreducible symmetric space. Up to scaling, each has exactly one Einstein metric, the symmetric metric, homogeneous with respect to the left-hand presentation. However, with respect to the right-hand presentation, only the sixth and seventh symmetric spaces are isotropy irreducible.
The rst nine examples are discussed in Z] . In this paper we consider the last four examples in the table. Of these, the rst is originally described in W-Z]. On SU(2n)= Sp(n), the only homogeneous Einstein metric is the original one. However, the last two spaces each carry two new Einstein metrics, homogeneous with respect to the right-hand presentation. . Let P be the change of basis transformation from the standard basis to fv g, then J = PJ 0 P ?1 . The hypothesis that J be in the connected component containing J 0 corresponds exactly to the fact that P must be in SO(2n). Via conjugation, SO(2n) acts transitively on M 0 .
The isotropy subgroup of J 0 is the set of all P 2 SO(2n) such that PJ 0 = J 0 P. If we identify R n R n = C n via (u; v) 7 ! u + iv then J 0 is multiplication by i and hence PJ 0 = J 0 P implies P 2 SO(2n) \ GL(n; C ) = U(n). Thus M 0 = SO(2n)= U(n), where we have U(n) embedded in SO(2n) the standard complex n-dimensional representation of U(n); the isotropy representation of U(n) is ^2 n ] R . Since^2 n is unitary, ^2 n ] R is the irreducible real representation whose complexi cation is isomorphic to the direct sum of^2 n and its dual.
If we look at the low dimensional examples, for n 4, we nd SO(4)= U(2) = S 2 , SO(6)= U(3) = C P 3 , and SO(8)= U(4) = G + 2 (R 8 ). For n 4 the rank of the symmetric space is greater than one.
Notice that in our description above we let v 1 = e 1 , so the subgroup SO(2n ? 1) SO(2n) xing spanfe 1 g also acts transitively on M 0 . The isotropy subgroup of SO(2n ? 1) corresponding to J 0 is U(n ? 1) SO(2n ? 2), where SO(2n ? 2) is the subgroup xing e 1 and e n+1 . We have p = p 1 p 2 .
The dimensions of p 1 and p 2 are 2(n ?1) and (n ?1)(n?2), respectively. We see that p 1 and p 2 are clearly inequivalent representations of U(n ? 1) for n 6 = 4, and for n = 4, while 3 and^2 3 are equivalent representations on SU(3), they are inequivalent on the center of U(3). We apply Schur's lemma to know that hp 1 ; p 2 i and Ric(p 1 ; p 2 ) must vanish. Thus any SO(2n ? 1)-homogeneous metric on M 0 must be of the form h ; i = x 1 Qj p 1 ? x 2 Qj p 2 , where Q(X; Y ) = ? 1 2 tr(XY ) and x 1 ; x 2 > 0. We express the scalar curvature in terms of x 1 and x 2 using W-Z, (1. Let E ij denote the skew-symmetric matrix in so(2n ? 1) with 1 in the ij th entry and ?1 in the ji th entry, and zeros everywhere else. p 1 = spanf?E in ; E n;n+i j 1 i n ? 1g p 2 = spanfE ij ? E n+i;n+j ; E i;n+j ? E j;n+i j 1 i < j n ? 1g: Setting both equations equal to zero is equivalent to the following equation:
n ? 1 2 x 2 + 2(n ? 2) x 2 1 x 2 = (2n ? 3)x 1 :
We nd that the solutions are x 1 = 1 2 x 2 , and x 1 = (n?1) 2(n?2) x 2 . The second solution is a (non-symmetric) SO(2n ?1)-invariant Einstein metric, discovered earlier in W-Z, x3,Ex.6].
The rst solution is the SO(2n)-invariant symmetric metric, but this is not obvious until we see how to compare them.
Letp denote the Q-orthogonal complement to u(n) in so(2n): p = spanfE ij ? E n+i;n+j ; E i;n+j ? E j;n+i j 1 i < j ng: We must project p top. We take a basis element of p 1 : ?E in . Under the embedding of so(2n?1) in so(2n), ?E in 7 ! ?E i+1;n+1 . Next we write ?E i+1;n+1 as the sum of an element in u(n) and an element inp:
?E i+1;n+1 = ? 1 2 (E i+1;n+1 + E 1;n+i+1 ) ? 1 2 (E i+1;n+1 ? E 1;n+i+1 ): This shows that an element of norm = p x 1 is sent to an element of norm = 1 p 2 . A basis element of p 2 is 1 p 2 (E ij ? E n+i;n+j ), which the embedding sends to 1 p 2 (E i+1;j+1 ? E n+i+1;n+j+1 ), already inp; hence an element of norm = p x 2 is sent to an element of norm = 1. The symmetric metric on SO(2n)= U(n) is given by the restriction of Q top. Hence it corresponds to 2 1 = x 2 x 1 , i.e., x 1 = 1 2 x 2 .
To see that these metrics are distinct, we can compare the scale-invariant product (S) The second metric has S = 2n(n?2)(n 2 ?n?1) Our next example is the symmetric space M = SU(2n)= Sp(n), an analogue of the previous example. This is the set of special orthogonal quaternionic structures on C 2n . We identify R 4n = C 2n via a xed orthogonal complex structure I on R 4n . An orthogonal quaternionic structure on C 2n is given by J 2 SO(4n) such that J 2 = ? Id and IJ = ?JI. As a map from C 2n to itself, J is complex anti-linear, i.e., J( v) = J(v). We show that the set of all orthogonal quaternionic structures can be written homogeneously as U(2n)= Sp(n), and we call the submanifold M = SU(2n)= Sp(n) the set of special orthogonal quaternionic structures. We rst observe that if I = 0 and we now restrict ourselves to the orbit of SU(2n), which is the symmetric space of special orthogonal quaternionic structures on R 4n , or SU(2n)= Sp(n). This symmetric space is irreducible; up to scaling the symmetric metric is the unique SU(2n)-invariant metric, and it is Einstein. Notice that when n = 2, SU(4)= Sp(2) = S 5 ; for n 3 the rank of the symmetric space is greater than one. Letp be the orthogonal complement to sp(n) in su(2n) with respect to the inner product Q(X; Y ) = ? 1 2 tr(XY ).
We have su ( Setting @S @x 1 = @S @x 2 = @S @x 3 = 0 simultaneously is equivalent to 4(n ? 1)x 2 2 + x 2 1 = (2n ? 1)x 1 x 3 = 2(2n ? 1)x 1 x 2 ? 2n ? 1 2n ? 2 ((n ? 2)x 2 1 + x 1 x 3 ): There is only one solution; it is x 2 = 1 2 x 1 and x 3 = n 2n?1 x 1 , unique up to scaling. This is not a new metric, rather it is the symmetric metric, which we knew must solve our equations.
(It is SU(2n)-invariant, hence SU(2n ? 1)-invariant.) Thus the only homogeneous Einstein metric on M = SU(2n ? 1)= Sp(n ? 1) = SU(2n)= Sp(n) is the symmetric metric.
G + 2 (R 7 )
The Grassmann manifold of oriented two-planes through the origin in R 7 is generally written homogeneously G + 2 (R 7 ) = SO(7)= SO(2) SO(5). It is irreducible: the symmetric metric is not only Einstein, it is the only SO(7)-invariant metric. We will show that this Grassmannian manifold can also be written homogeneously as G 2 = U(2) and we nd it carries two non-symmetric G 2 -invariant Einstein metrics.
First we must see how G 2 SO(7), following M, p.190] . We identify R 8 with the Cayley numbers, or Octonians, the normed division algebra O = H H ". Then G 2 is the set of automorphisms of O. Any automorphism of the Cayley numbers must take 1 to itself and must preserve the inner product, so elements of G 2 also preserve Im(O), the space of imaginary Cayley numbers, the orthogonal complement to 1. In this way we see G 2 SO(7). To see that G 2 acts transitively on G + 2 (R 7 ), we use the following observation Using the lemma we take any P = spanfv; wg to the oriented two-plane P 0 = spanfi; jg, where we take v and w an orthonormal basis for P. We must nd the isotropy subgroup xing P 0 . It will be useful to recall the following well known fact. We are now ready to describe the isotropy subgroup H corresponding to the oriented two-plane P 0 . Since G 2 and G + 2 (R 7 ) are connected and simply connected, we know H is connected. If we have A 2 G 2 such that A(P 0 ) = P 0 (with orientation), then A(i) = i cos ? j sin ; A(j) = i sin + j cos ; thus A(k) = A(i)A(j) = k: The isotropy subgroup H fA 2 G 2 j A(k) = kg = SU(3), and since the ij-plane is a complex line with respect to our complex structure L k , H must preserve this complex line and the complex twoplane perpendicular to it. Hence H S(U(1) U(2)) SU(3). A dimension count shows H = S(U(1) U(2)) = U(2).
If we look on the Lie algebra level, and we take fi; j; k; "; i"; j"; k"g as our basis for Im(O), then using the automorphism property we can write g 2 so (7) (2) is the action of Ad U(2) on p, the Q-orthogonal complement of u(2) in g 2 . We can use the following brations to decompose p into its irreducible Ad U(2) representations: First, C P 2 = SU(3)= U(2) ! G 2 = U(2) ! G 2 = SU (3) We have a second bration of our manifold: we claim U(2) SO(4) G 2 . Before showing this, we brie y discuss the embedding SO (4) A calculation shows that SO(4) G 2 , and this embedding of SO(4) in G 2 can also be described as the subgroup of G 2 which leaves the subalgebra H = spanf1; i; j; kg invariant.
Since U(2) is the subgroup of G 2 preserving the plane spanned by i and j, elements of U(2) take 1 to itself and k to itself, hence they preserve spanf1; i; j; kg. This also shows U(2) SO(4)\SU(3). We also have SO(4)\SU(3) U(2): under G 2 , 1 7 ! 1; under SO(4), spanf1; i; j; kg 7 ! spanf1; i; j; kg; under SU(3), k 7 ! k. Thus SO(4) \ SU(3) = U(2). Our second bration is
Here p 1 is tangent to the bre, p 2 and p 3 are tangent to the base: From the two brations we obtain the following Lie bracket relations among the p i 's: p 1 ; p 1 ] u(2), p 1 ; p 2 ] p 2 p 3 , p 2 ; p 2 ] u(2) p 1 , and p 3 ; p 3 ] u(2).
Since p 1 ; p 2 ; and p 3 are mutually inequivalent, any G 2 -invariant metric on our space is of the form h ; i = x 1 Qj p 1 ? x 2 Qj p 2 ? x 3 Qj p 3 , with x i > 0, for i = 1; 2; 3: As in the previous cases we can write the scalar curvature on G + 2 (R 7 ) as function of x 1 ; x 2 ; and x 3 via the formula given in W-Z]:
When we compute the non-zero Lie bracket relations between the p i 's we nd that There are exactly three real solutions to the quintic polynomial. We give the approximate values for x 2 and x 3 , setting x 1 = 1:
x 2 = 0:09953 x 3 = ?:15252 x 2 = 0:59713 x 3 = 1:22554 x 2 = 5:35063 x 3 = 5:25153
We must eliminate the rst of the solutions from the quintic, since it gives a negative value for x 3 . The solution x 2 = 1 2 x 1 and x 3 = 3 2 x 1 is the symmetric metric; that is, we will see that it is SO(7)-invariant, after projection. If we denote byp the Q-orthogonal complement to so(2) so(5) in so (7) To see that we have three non-isometric solutions we compare the scale-invariant product: (S) We note that these have been found previously in A] and K]. They observe that one of the three metrics is K ahler and the other two are not K ahler for any complex structure on M. Neither author observes that the K ahler Einstein metric is the symmetric metric.
6. G + 3 (R 8 ) We can write the Grassmannian manifold of oriented three-planes in R 8 homogeneously G + 3 (R 8 ) = SO(8)= SO(3) SO(5), but we can also write it as G + 3 (R 8 ) = Spin(7)= SO(4). With respect to SO(8), G + 3 (R 8 ) is irreducible, and therefore the symmetric metric is Einstein and it is the unique SO(8)-invariant metric, up to scaling. However, we nd there are two more Spin(7)-invariant Einstein metrics which are not symmetric.
We rst describe how Spin(7) sits inside SO(8). We again identify R 8 with the Cayley numbers O; from Murakami M] we know Spin(7) = fA 2 SO(8) j 9B 2 SO(8) such that B(x)A(y) = A(xy) 8x; y 2 Og:
In this de nition notice B(1) = 1, so B 2 SO(7) and if A corresponds to B, ?A corresponds to B as well, which shows Spin(7) is indeed a double cover of SO(7). We also remark that that fL a j a 2 Im(O); jaj = 1g Spin(7). (The corresponding B is conjugation by a.) We need to show that C a (x)L a (y) = L a (xy) for any x; y 2 O. Because a is a unit imaginary octonian, a ?1 = ?a, thus C a (x)L a (y) = (axa ?1 )(ay) = ?(axa)(ay). Then the rst Moufang identity tells us that ?(axa)(ay) = ?a(x(aay)), and using that aa = ?1, we have ?a(x(aay)) = a(xy) = L a (xy).
It is also convenient to identify two subgroups of Spin(7), they are G 2 , the automorphisms of the Cayley numbers, and SU(4), complex linear maps with respect to L i . We see G 2 Spin(7) by letting B = A in the de nition of Spin(7). Murakami shows how to see that SU(4) Spin (7) with the following lemma M].
Lemma 6.1. In SO(8), U(4) = fA 2 SO(8) j iA(x) = A(ix) 8x; y 2 Og and U(4) \ Spin(7) = SU(4).
Proof. Let p + : Spin(7) ! SO(7) be the homomorphism sending A 7 ! B, for A and B in the de nition of Spin(7). For every A 2 U(4)\Spin (7) we have B(i) = i, so p + (U(4)\Spin(7)) SO(6). And for every B 2 SO(6) (B(i) = i), the corresponding A must be in U(4)\Spin (7), hence SO(6) p + (U(4) \ Spin (7)). Furthermore, p + is a local isomorphism, thus U(4) \ Spin(7) is a 15-dimensional connected Lie group with a simple Lie algebra. Observe that SU(4) is the commutator subgroup of U(4). Since its Lie algebra is simple, U(4) \ Spin (7) is its own commutator subgroup, thus U(4) \ Spin(7) SU(4), and a dimension count tells us that these subgroups are equal.
We embed SU(4) SO (8) To embed SU(4) into SO(8) in this way, we want R 4 R 4 = C 4 with (u; v) 7 ! u + iv; this restricts our choice of ordered bases for O: we choose f1; j; "; j"; i; k; i"; ?k"g. The intersection of our two subgroups is G 2 \ SU(4) = SU(3), and this time SU(3) in G 2 xes i instead of k.
We check that Spin(7) acts transitively on G + 3 (R 8 ): Let P 0 = spanfi; j; kg; an oriented three-plane through the origin. Let P be given by spanfv 1 ; v 2 ; v 3 g, where v 1 ; v 2 and v 3 are ordered orthonormal vectors. Without loss of generality we may assume v 1 ; v 2 2 Im(O), since P is a three-plane, so dim(P \ Im(O)) 2. We know from the previous example that we can nd an element A 2 G 2 such that A(i) = v 1 , A(j) = v 2 . Let x = A ?1 (v 3 ). Observe that hx; ii = hA ?1 (v 3 ); ii = hv 3 ; v 1 i = 0 hx; ji = hA ?1 (v 3 ); ji = hv 3 ; v 2 i = 0: We claim there exists A 0 2 Spin(7) such that A 0 (i) = i, A 0 (j) = j, and A 0 (k) = x. This is because the subgroup of Spin(7) xing one unit octonian is conjugate to G 2 , and the subgroup of Spin(7) xing two orthonormal octonians is conjugate to SU(3), which acts transitively on S 5 (1) spanfi; jg ? : The composition A A 0 2 Spin(7) is our map taking i 7 ! v 1 , j 7 ! v 2 , and k 7 ! v 3 , so that P 0 goes to P, and this shows Spin(7) acts transitively on G + 3 (R 8 ).
Next we must determine the isotropy subgroup H of P 0 . We claim that H G 2 . To see this, we note that if A(P 0 ) = P 0 , then if B is the element of SO(7) in the de nition of Spin (7) corresponding to A, since B(i)A(j) = A(k) we know that B(i) 2 spanfi; j; kg. Thus A(1) = ?B(i)A(i) 2 spanf1; i; j; kg, and furthermore A(1) ? P 0 , so A(1) = 1. Since Spin(7) and G + 3 (R 8 ) are connected and simply connected, we know H is connected, hence A(1) = 1. From the de nition of Spin (7) it follows that A = B and this implies H G 2 . Furthermore, any element of H takes 1 to itself and preserves the standard quaternionic subalgebra spanf1; i; j; kg. Thus H SO(4) G 2 , and by a dimension count H = SO(4). Now we are ready to nd the isotropy representation. On the Lie algebra level we have spin(7) = spanfE ij + E 4+i;4+j ; E i;4+j + E j;4+i j 1 i < j 4g spanfE i;4+i ? Notice each copy of su (2) is an ideal in h and its basis vectors above are orthogonal with respect to the inner product on spin (7) given by Q(X; Y ) = ? 1 2 tr(XY ). As usual we denote by p the Q-orthogonal complement of h in spin(7).
There are two brations of our symmetric space Spin(7)= SO(4). The rst is G 2 = SO(4) ! Spin(7)= SO(4) ! Spin(7)= G 2 = S 7 :
Let p 0 be the subspace tangent to the bre; let p 00 be the subspace tangent to the base. Let k denote the unique irreducible complex representation of su(2) in k dimensions; the rst bration tells us that p 0 = 2^ 4 ] R , since this is the representation of the symmetric space G 2 = SO(4) W, p.287]. The isotropy representation of Spin(7)= G 2 is the seven-dimensional representation of G 2 SO(7). We restrict this representation to SO(4), to see that p 00 = 3^ Id] 2^ 2 ] R , where 3 denotes the standard representation of so(3) on R 3 . We let p 1 = 3^ Id] , and p 2 = 2^ 2 ] R , and p 3 = 2^ 4 ] R . We have dim(p 1 ) = 3; dim(p 2 ) = 4; and dim(p 3 ) = 8:
For the second bration, we rst need some explanation.
